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ABSTRACT

The aim of the present work is to study the influence of the elastic displacements of bearing surface 
coatings on the hydrodynamic lubrication of dynamically loaded journal bearing with finite length. 
The problem is investigated for a Newtonian lubricant under isothermal and isoviscous conditions. 
The bearing sleeve is covered with a thin elastic coating whose radial distortions are of the same or-
der of magnitude as the film thickness. The elasticity part of the problem is studied in conformity with 
the Vlassov model of an elastic foundation and comparisons with other models are carried out. The 
numerical solution is done by finite difference method with successive over-relaxation procedure. The 
presented results are obtained for prescribed loci of the shaft centre which corresponds of squeeze 
film effect.
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INTRODUCTION

Nowadays, the need for higher speed and at 
the same time reliable operation of various types 
of rotating machinery continues to grow. An im-
portant factor in achieving this goal is the ability 
to accurately predict the dynamic response and 
stability of the rotor-bearing system [1].

Each rotating machine supported by one or 
more bearings, whose role is very important in the 
system as a whole, because namely the bearings 
are the components that allow relative movement 
between the stationary and moving parts. As it is 
well known, there are two main types of bearings 
which are normally used in applications of the 
rotor-bearing systems. These are different types 
of journal bearings and rolling-elements bearings.

Journal bearings are used widely and success-
fully for thousands of years and may be they are 
the most used machine element in our civilization 
[1]. Currently large numbers and various types of 
sliding bearings are used in countless applications 
such as small electric motors, hard disk drives, 
micro-electro-mechanical systems, automotive 
and aircraft piston engines, large steam turbines 
for electric power generation, etc.

For dynamically loaded journal bearings are 
typical the squeeze film and dynamic film ef-
fects which play significant role in the dynamic 
behaviour of the rotor. Since the thin oil film that 
separates the moving surfaces supports the rotor 
load, it acts as a spring and provides a damping 
effect due to the squeeze film effect. 

Investigations in this direction have been made 
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by many authors in recent decades [2-7]. The im-
portance of the problem implies a phenomenon 
studying in combination with other factors influ-
encing the lubrication process of the hydrodynamic 
(HD) journal bearings.

It is well-known that elastic deformation of 
the material of the contact bearing surfaces, in-
duced by the HD fluid pressure, can significantly 
change the fluid film profile, modify the pressure 
distribution and, therefore, alter the performance 
characteristics of journal bearings [8]. The use 
of surface coatings (on bush or/and on journal) 
such as white metals and various elastomers can 
lead to significant deformations of the coated 
surface which can be about the size of thickness 
of lubricating film. These coatings, used with the 
aim of reducing wear, are generally characterized 
by low values of the modulus of elasticity [9].

The effect of the deformation of the bearing 
bush on the journal bearing performance charac-
teristics was reported by many investigators [8-
13]. Many of these papers are related to infinitely 
long/short bearings and as whole the comparison 
between different formulas for elastic deforma-
tions calculations is absent.

In this work, we are interested in the study 
of the influence of the elastic displacements of 
bearing surface coatings on the HD lubrication 
of dynamically loaded journal bearing with finite 
length. The problem is investigated for a New-
tonian lubricant under isothermal and isoviscous 
conditions. The elasticity part of the problem is 
studied in conformity with the Vlassov model 
of an elastic foundation and comparisons with 
other models are carried out. The numerical so-
lution is done by finite difference method with 
over-relaxation procedure; such as the presented 
results are concerned toprescribed loci of the shaft 
centre resulting from the squeeze film effect.

ELASTOHYDRODYNAMIC MODEL
The cross section of a 360 degree plain journal 

bearing is presented in a Fig. 1. The main com-
ponents of the considered tribological system, 

used in the hydrodynamic theory of lubrication, 
are the bearing shaft (journal), the lubricant and 
the bearing bushing which is plain cylindrical 
sleeve wrapped around the journal. 

The bearing bush is rigidly supported while 
the journal moves and in our case it is dynami-
cally loaded in a radial direction. About the jour-
nal motion it will be assumed squeeze film effect, 
i.e. a vibration velocity /de dt of the shaft centre 
in a direction of the centre’s line  LC (Fig.1). Its 
frequency is equal to the angular velocity of the 
shaft, which is considered to be constant and 
equal to ω . The amplitude of vibration will be 
about to the half of the radial clearance c . Hence 

0 0,6 sinω= +e e c t ,  as 0 0, 2=e c .
Both of the radiuses (of bush and of journal) 

are approximately equal because of which it is 
possible to neglect the curve shape of the fluid 
film. An elastic liner with elastic properties µ  
and E  (Poisson’s ratio and Young’s modulus, 
respectively) is press-fitted in a rigid housing. The 
liner thickness d  is assumed to be of the same 
order of magnitude as the lubricant thickness 
h . Other assumptions for the present analysis 
are: the journal is rigid; the lubricant with New-
tonian properties is incompressible fluid under 
isoviscous and isothermal conditions; the flow 
is laminar and the inertia effects are negligible.

Fig. 1. Journal bearing geometry.
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The governing equations for the elastohy-
drodynamic (EHD) lubrication of a dynamically 
loaded plain journal bearing with finite length 
are: the equation for HD pressure distribution 
(Reynolds equation), equation for film thickness 
geometry and elasticity equation (for estimation 
of the elastic distortions of bearing liner).

Derivation of the Reynolds equation
Our interest in this section is a derivation of an 

equation for the pressure field within a dynami-
cally loaded bearing. 

At neglecting the body and inertia forces the 
Navier-Stokes equations, governing the motion 
in the lubricant, for incompressible viscose lu-
bricant flow are:

20 p V= −∇ + ∇η ,			                   (1)
where p is the hydrodynamic pressure, η  is 
the lubricant’ dynamic viscosity, V is the fluid 
velocity.

The flow field model is completed by the 
incompressible fluid continuity equation

0∇ =V
 						    

					                      (2)
It is well known that one of the main assump-

tions for the journal bearings lubrication theory 
is that the fluid film is thin compared with the 
journal radius and the curvature of the film is 
neglected. Then the field equations (1) and (2) 
given in Cartesian coordinates can be reduced 
to the following:

2
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∂ ∂
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u p
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		                                                    (3.c)

0u v w
x x x
∂ ∂ ∂

+ + =
∂ ∂ ∂

 					   
					                    (3.d)

where  , ,u v w  are the velocity components on the 
Cartesian rectangular coordinates , ,x y z .
The boundary conditions for the velocities com-
ponents are at 0=y :

0=u    0=v    0=w  				    (4)

at y h=  

sin cosγω θ θ= = + −h
de du u r e
dt dt

 	             (5.a)

cos sinγω θ θ∂
= = + +

∂h
h de dv v r e
x dt dt

          (5.b)

0hw w= =  		                                      (5.c)

Here h  is the fluid film thickness, ω  is the 
shaft angular velocity,  r  is radius of the journal,  
e  is the bearing eccentricity, /x r=θ is a circum-
ferential coordinate, γ  represents attitude angle, 
t  is the time.

Integrating Eqns. (3.a) and (3.c) with respect 
to y  and employing the above boundary condi-
tions, for the velocity components are obtained:

( ) ( )2
1 2

1 , , , ,
2η

∂
= + +

∂
pu y C x z t y C x z t
x  	 (6)

( ) ( )2
3 4

1 , , , ,
2

pw y C x z t y C x z t
z
∂

= + +
∂η         (7)

where C1, C2 and C3, C4 are integration constants.
At satisfying the boundary conditions (4) 

and (5) the integration constants are determined 
as follows:

( )1
1, ,

2η
∂

= −
∂

hu pC x z t h
h x  	 ( )2 , , 0=C x z t  	 (8)

 
( )3

1, ,
2η

∂
= −

∂
pC x z t h
z

 	 ( )4 , , 0=C x z t   (9)

After substitution of (8) and (9) in (6) and 
(7) respectively, the expressions for the velocity 
components in direction of coordinate axes x and
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z  are received in the form:

( ) ( )1, ,
2η

∂
= − +

∂
hupu x z t y h y y

x h   	               (10)

( ) ( )1, ,
2η

∂
= −

∂
pw x z t y h y
z . 		                (11)

u  is the sum of the flow due to circumferential 
pressure gradient /p x∂ ∂  and the flow due to the 
no-slip boundary conditions. Note further that 
the pressure gradients /p x∂ ∂  and /p z∂ ∂ are 
independent of y .

For the considered case it is assumed a linear 
distribution of the radial velocity ( ), , ,v x y z t  us-
ing the formulation in [14] and [4]:

( ) ( )5 6, , , ,= +v C x z t y C x z t  	                            (12)

At satisfying the boundary conditions (4) 
and (5) the integration constants are obtained as 
follows:

( )5 , , = =hvC x z t
h

1 cos sinγω θ θ∂ = + + ∂ 
h de dr e

h x dt dt
           (13.a)

( )6 , , 0=C x z t
.						   

				                            (13.b)

Than the final form for this velocity compo-
nent is given by:

( , , ) = =hvv x z t y
h

1 cos sinγω θ θ∂ = + + ∂ 
h de dr e y

h x dt dt                  (14)

After integration of continuity equation (3.d) 
with respect to y  from  0y =  to y h=

0 0 0

0∂ ∂ ∂
+ + =

∂ ∂ ∂∫ ∫ ∫
h h hu v wdy dy dy

x y z 	               (15)

it is received 

0 0

0∂ ∂
+ + =

∂ ∂∫ ∫
h h

h
u wdy v dy
x z

  			 
				                          (16)

Applying Leibniz’s rule for the differentiatio-
nunder the integral sign,
( )

( )
0

,∂
=  ∂∫

h x

f y x dy
x

( )
( )

( )
0

, ,∂
= −
∂ ∫

h x dhf y x dy f h x
x dx

the first and the third terms on the left side of Eq. 
(16) are transformed to:
 

0 0

∂ ∂ ∂
= −

∂ ∂ ∂∫ ∫
h h

h
u hdy udy u
x x x

                              (17)

0 0

∂ ∂ ∂
= −

∂ ∂ ∂∫ ∫
h h

h
w hdy wdy w
z z z

 				  
				                            (18)

Since 0=hw  from the boundary conditions (5.c) 
it follows that (18) becomes:

0 0

∂ ∂
=

∂ ∂∫ ∫
h hw dy wdy

z z
 			                  (19)

Substitution of (17) and (19) in (16) y  ields

0

0
h h

h h
o

hudy u v wdy
x x z
∂ ∂ ∂

− + + =
∂ ∂ ∂∫ ∫

. 			 
					                    (20)

In the considered case of unsteady state motion 
of the lubricant the following equals are valid [4]:

cos sinγθ θ∂
= +

∂
h de de
t dt dt  	                        (21.a)

cos sinh h
h de du v e
x dt dt

γθ θ∂
− + = +

∂
            (21.b)
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Considering (21.a) and (21.b) follows:

ν∂ ∂
= − +

∂ ∂h h
h hu
t x

 			                (21.c)

Taking into account (21.c) the above equation 
(20) takes a form:

0

0∂ ∂ ∂
+ + =

∂ ∂ ∂∫ ∫
h h

o

hudy wdy
x t z                             (22)

At introducing the flow parameters xq , zq  
which are presented respectively as

0

h

xq udy= ∫  				               (23)

0

= ∫
h

zq wdy                                                        (24)

the Eq. (22) takes a form:

0∂ ∂ ∂
+ + =

∂ ∂ ∂
x zq q h

x z t

  					   
					                   (25)

The expressions of the velocity components 
(10) and (11) can be placed respectively in inte-
grand functions of (23) and (24); such the flow 
parameters become:

3 3

0

1 1
6 4η η

∂ ∂
= = − +

∂ ∂∫
h

x
p pq udy h h
x x

31
2 12 2η

∂
+ = − +

∂h h
h p hu h u

x
  		                (26)

3 3

0

1 1
6 4η η

∂ ∂
= = − =

∂ ∂∫
h

z
p pq wdy h h
z z

3

12η
∂

= −
∂

h p
z

                                                     (27)

The derivatives of flow parameters with re-
spect to axes x  and z  are obtained at rendering 
into account (26) and (27):

( )31 1
12 2η

∂ ∂ ∂ ∂ = − + ∂ ∂ ∂ ∂ 
x

h
q ph hu
x x x x            (28)

31
12

zq ph
z z zη

∂ ∂ ∂ = −  ∂ ∂ ∂   		            (29)

The obtained expressions (28) and (29) 
subsequently are substituted in (25), which is 
representing as:

3 31 1
12 12η η

∂ ∂ ∂ ∂   + =   ∂ ∂ ∂ ∂   
p ph h

x x z z

( )1
2
∂ ∂

= +
∂ ∂h

hhu
x t                                          (30)

For the first term on the right-hand side of 
above equation can be written [4]

( ) ω∂∂ ∂ ∂
= + ≈

∂ ∂ ∂ ∂
h

h h
uh hhu u h R

x x x x                        (31)

Then the Eq. (30) represents as

3 3

η η
   ∂ ∂ ∂ ∂

+ =   ∂ ∂ ∂ ∂   

h p h p
x x z z

6 12ω ∂ ∂
= +

∂ ∂
h hr
x t

                                              (32)

In the literature [3 - 5] an equation from the 
type of (32) is known as Reynolds type equation 
for pressure field within a bearing or for hydrody-
namic pressure distribution in the lubricant film 
of finite length journal bearing under unsteady 
state conditions. This equation differs from the 
classical Reynolds equation in the last term on 
the right-hand side only. It takes into account the 
pressure changes due to the temporal variation of 
the film thickness.

Film thickness geometry and elasticity 
equation

The approach used in the present study aims 
to superimpose the deformation of the layer on the 
bush (the other components of the bearing and the 
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journal are treated as rigid), caused by generated 
HD pressure, onto the oil film thickness. The gap 
thickness is then modified in order to be account 
for the estimated elastic deformation as follows:

cosh c e= + +θ δ  			                 (33)

where c  is a radial bearing clearance and δ  
is the surface points radial displacement of the 
bush liner.

The last term of this equation takes into ac-
count the influence of the elastic layer deforma-
tions. In the current paper the liner’s surface 
points radial displacements are determined 
according to the one of more precise models, 
namely the three-dimensional model of elastic 
foundation suggested in [15]. The solution of 
the elasticity part of the problem by Vlassov but 
for the case of thin layer is worked up in details 
in [16], because of which only the final form is 
given here, namely

( )( )
( )

2

2

1 2 1

1

d
p

E

− −
=

−

µ µ
δ

µ
  		                 (34)

where d  is a thickness of the bearing liner, µ  is 
the Poisson’s ratio, E  is the Young’s modulus.

Furthermore it will be made a comparison of 
the results for elastic deformations calculated by 
other formulas: one of them by Higginson [8, 17]

221
1

d p
E

µδ
µ

 
= − − 

			                  (35)

and the other by Kodnir (Winkler-Zimmerman 
hypothesis) [18, 19]

( )22 1 d p
E

µ
δ

π

−
=                                               (36)

Load carrying capacity
The resultant force W , which is balanced by 

the load applied to the shaft, is given by:
2 2

1 2= +W W W   			                  (37)

where 1W and 2W are the total components in radial 
(along the line of centers) and tangential direc-
tions respectively.

The Sommerfeld number, which represents 
a coefficient of load capacity, may be express 
quantitative as 

2WS
rL

=
β

ηω                                                       (38)

L  is the bearing axial length while  c / r=β  is 
the clearance ratio.					   
			 

SOLUTION PROCEDURE 
Non-dimensional form of equations
The solution of Eq. (32) will be done by 

numerical methods. By reason of this and also 
for keeping the conditions of geometric and kin-
ematic similarity at the solution, this equation 
must be represented in a non-dimensional form

3 3 2

2

1 6c H r
r rc

 ∂ ∂Π
+ ∂ ∂ 

ηω
θ η θ  

( )
3 3 2

2
1 1

1 6
2 2

c H r
L z z L c

 ∂ ∂Π
=  ∂ ∂ 

ηω
η

6 12
2

c H c Hr
r
∂ ∂

+
∂ ∂

ωω
θ τ

	                          (39)

by introducing the following dimensionless vari-
ables: ( )2. / / 6p c rΠ = ηω  - pressure, H h c=  
- film thickness,  . / 2t=τ ω  - time, ( )1 / 2z z L=
- axial coordinate

After transformations the dimensionless form 
of the equation for HD pressure distribution 
becomes:

3 3

1 1

α
θ θ

 ∂ ∂Π ∂ ∂Π  + =  ∂ ∂ ∂ ∂   
H H

z z

 
H H∂ ∂
+

∂ ∂θ τ                                                        (40)
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where 2 /r L=α  - diameter  to length ratio and 

sinH∂
= −

∂
ε θ

θ
  	

cos sinH∂ ∂ ∂
= +

∂ ∂ ∂
ε γθ ε θ

τ τ τ                            (41)

The Eq. (33) for film thickness can be ren-
dered dimensionless through the relevant substi-
tutions and written as:

1 cosH ε θ δ= + +   			                    (42)

Here e c=ε  is the eccentricity ratio and δ  
are dimensionless displacements.

Furthermore the radial distortions of the bear-
ings liner surface points /Eq. (34)/ are presented 
in non-dimensional form as:

( )( )
( )

22

23

1 2 16
1

µ µηωδ
µ

− −
= Π

−

dr
c E                    (43)

The hydrodynamic film forces acting on the 
system are expressed in terms of dimensionless 
quantities by

1 2

1 1
1 0

cosW d dz
π

θ θ
−

= − Π∫ ∫
 

1 2

2 1
1 0

sinW d dz
π

θ θ
−

= Π∫ ∫
                                       (44)

where 1W and 2W are radial and tangential com-
ponents.

Then the resultant dimensionless load carry-
ing capacity W  can be calculated by

2
2 2

1 2 6
W W W W

rL
β
ηω

= + =                           (45)

The Sommerfeld number in present analysis 
is equal to:

6S W=    				                  (46)

Numerical solution

The computation is done using the finite dif-
ference method, as the numerical procedure is it-
erative and the successive over-relaxation method 
is used to improve the convergence rate [4, 12, 
16]. About the pressure are used the Reynolds bound-
ary conditions; such in the circumferential direction 
it is assumed that the positive pressure terminates at 

*θ where the pressure gradient angle is zero.
Prior to starting the iteration process, the film 

pressure is initially determined considering the 
bearing liner as rigid one. With the help of this 
pressure the non-dimensional deformation is 
computed. With this deformation the Reynolds 
equation (40) is solved again to get a new film 
pressure distribution. This process is repeated 
through iteration technique till convergence is 
achieved. With the help of this film pressure after 
convergence, the bearing performance character-
istics are obtained.

NUMERICAL RESULTS AND DISCUSSION

The presented results are obtained at different 
elasticity parameters ( 0δ ≠ ). The later are related 
to four separate cases: 112.10E = Pa, 0,25µ = (steel 
- rigid case); 81,63.10E = Pa, 0,38µ =  (elastomer - 
soft case 1); 77 33 10E , .= Pa, 0 4,µ =  (elastomer 
- soft case 2); 74,07.10E = Pa, 0,41µ =  (elasto-
mer - soft case 3).

In Figs. 2 and 3 are given the longitudinal 
centre-line distributions of the HD pressure, 
film thickness and radial displacements of the 
bearing liner surface points. As it was expected, 
for the soft cases a significant reduction of the 
maximum HD pressure is observed while for 
the radial displacements the effect is reversed. 
This influence is a more visible for the softer 
materials of the elastic liner. Under deformability 
conditions the fluid film geometry is changed in 
the bottom; such a increase of H  in the middle 
section is observed. 
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The results in Figs. 4 and 5 about time vari-
ation of HD pressure (caused by the vibration 
velocity /de dt  of the shaft centre - squeeze film 
effect) show the same tendency for reduction of 
maximal values of Π as above. The graphics 
presented in a Fig. 5 give results for pressure 
obtained by different formulas for elastic defor-

mations calculations.  
The influence of the elasticity layer deform-

ability on the Sommerfeld number is displayed 
in a Fig. 6. Analogically as the pressure the S  
values becomes smaller for the soft case; such 
this tendency can be recognized more clear for the 
maximal values of the coefficient of load capacity.

Fig. 3. Displacements distribution at the bearing 
centre line.

Fig. 4. Time variation of Pwith radial velocity 
under different elasticity conditions.

Fig. 2. Distribution of HD pressure Π and film 
thickness H under different elasticity conditions.

Fig. 5. HD pressure versus time – calculated by 
different formulas for deformations.
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CONCLUSIONS

On the base of Navier –Stokes and continuity 
equations the generalized Reynolds equation for 
lubrication of dynamically loaded journal bearing 
with finite length is derived in details.

The numerical results for squeezed film con-
ditions show that the maximum pressure for elas-
tic bearing liner is smaller than that for bearing 
with rigid layer, and this effect is more significant 
for the softer liner materials. A similar trend was 
observed by other investigators for steady-state or 
transient problems of journal bearings. Deform-
ability of the layer modifies and film shape; such 
appreciable increase in minimum film thickness 
for more flexible bearing liner is observed and 
it is also a favorable effect from the designer’s 
viewpoint. 

The differences between the results obtained 
by different formulas for elastic deformations 
calculations are not so high (till 8%) and all 
these methods are applicable and have own sig-
nificance.
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